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Abstract

Forced convection heat transfer in hydrodynamically and thermally fully developed flows of viscous dissipating gases in annular
microducts between two concentric micro cylinders is analyzed analytically. The viscous dissipation effect, the velocity slip and the tem-
perature jump at the wall are taken into consideration. Two different cases of the thermal boundary conditions are considered: uniform
heat flux at the outer wall and adiabatic inner wall (Case A) and uniform heat flux at the inner wall and adiabatic outer wall (Case B).
Solutions for the velocity and temperature distributions and the Nusselt number are obtained for different values of the aspect ratio, the
Knudsen number and the Brinkman number. The analytical results obtained are compared with those available in the literature and an
excellent agreement is observed.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Fluid flow and heat transfer at microscale have attracted
an important research interest in recent years due to the
rapid growth of novel techniques applied in MEMS
(microelectromechanical systems) and biomedical applica-
tions such as drug delivery, DNA sequencing, and bio-
MEMS. Readers are referred to see recent excellent reviews
related to transport phenomena in microchannels by Ho
and Tai [1], Palm [2], Sobhan and Garimella [3], Obot [4]
Rostami et al. [5,6], Gad-el-Hak [7], Guo and Li [8,9],
Morini [10].

It is experimentally shown that fluid flow and heat trans-
fer at microscale differ greatly from those at macroscale,
especially in terms of wall friction and heat transfer perfor-
mance, with generally inconsistent and contradictory
experimental results published. Therefore, there is a need
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and a good potential for theoretical investigations. At mac-
roscale, classical conservation equations are successfully
coupled with the corresponding wall boundary conditions,
usual no-slip for the hydrodynamic boundary condition
and no-temperature-jump for the thermal boundary condi-
tion. These two boundary conditions are valid only if the
fluid flow adjacent to the surface is in thermal equilibrium.
However, they are not valid for gas flow at microscale. For
this case, the gas no longer reaches the velocity or the tem-
perature of the surface and therefore a slip condition for
the velocity and a jump condition for the temperature
should be adopted.

Barron et al. [11,12] extended the Graetz problem to
slip-flow and developed simplified relationships to describe
the effect of slip-flow on the convection heat transfer coef-
ficient. Ameel et al. [13] analytically treated the problem of
laminar gas flow in microtubes with a constant heat flux
boundary condition at the wall assuming a slip-flow hydro-
dynamic condition and a temperature jump thermal condi-
tion at the wall. They disclosed that the fully developed
Nusselt number decreased with Knudsen number. In recent
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Nomenclature

A cross-sectional area (m2)
Br Brinkman number, Eq. (15)
cp specific heat at constant pressure (k J/kg K)
Dh hydraulic diameter of the annuli = 2(ro � ri) (m)
F tangential momentum accommodation coeffi-

cient
Ft thermal accommodation coefficient
h convective heat transfer coefficient (W/m2 K)
k thermal conductivity (W/m K)
Kn Knudsen number = k/Dh

Nu Nusselt number = hDh/k
Pr Prandtl number = lcp/k
qw wall heat flux (W/m2)
r radial coordinate (m)
r* aspect ratio for the annuli = ri/ro

ri inner radius of the annuli (m)
rm the radius where the maximum velocity occurs

(m)
r�m dimensionless form of rm, Eq. (9)
ro outer radius of the annuli

R dimensionless radial coordinate = r/ro

T temperature (K)
u velocity (m/s)
U dimensionless velocity = u/um

z axial direction (m)

Greek symbols

a thermal diffusivity (m2/s)
k molecular mean free path
c specific heat ratio
l dynamic viscosity (Pa s)
q density (kg/m3)
m kinematic viscosity (m2/s)
h dimensionless temperature, Eq. (13)

Subscripts

m mean
s fluid properties at the wall
w wall
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studies, Aydın and Avcı [14–17] theoretically investigated
the steady, laminar forced convective heat transfer of a
Newtonian fluid in a microtube and microduct between
two parallel plates including the velocity slip and the tem-
perature jump at the wall for the fully developed flow case
[14,15] and for the thermally developing flow [16,17].

An example of micro heat exchangers is the one for
which the hot and cold fluids move in the same or opposite
directions in a concentric microtube. Fabrication of such
microexchangers is now possible due to recent innovative
microfabrication techniques such as etching/lithography/
deposition and silicon micromachining. Such a geometry
can also be found in cooling of high power resistive mag-
nets, compact fission reactor cores, fusion reactor blankets,
advanced space thermal management systems, manufactur-
ing and material processing operations and high-density
multi-chip modules in supercomputers and other modular
electronics [18]. The objective of the present study is to the-
oretically investigate the gas flow in a concentric annular
microduct representing a micro heat exchanger for the
hydrodynamically and thermally fully developed case.
The effect of the Knudsen number, the aspect ratio of the
annular geometry and the Brinkman number on the tem-
perature profile and, in the following, the Nusselt number
are determined for two different configurations of the ther-
mal boundary conditions.
2. Analysis

Consider hydrodynamically and thermally fully devel-
oped, steady, laminar flow having constant properties
(i.e. the thermal conductivity and the thermal diffusivity
of the fluid are considered to be independent of tempera-
ture). The viscous dissipation effect of the fluid is included.
The axial heat conduction in the fluid and in the wall is
assumed to be negligible.

In this study, the usual continuum approach is coupled
with the two main characteristics of the microscale phe-
nomena, the velocity slip and the temperature jump. Veloc-
ity slip is defined as [13]

us ¼ �
2� F

F
k
ou
or

����
r¼r0

ð1Þ

where us is the slip velocity, k is the molecular mean free
path, and F is the tangential momentum accommodation
coefficient, and the temperature jump is defined as [13]

T s � T w ¼ �
2� F t

F t

2c
cþ 1

k
Pr

oT
or

����
r¼r0

ð2Þ

where Ts is the temperature of the gas at the wall, Tw is the
wall temperature, and Ft is the thermal accommodation
coefficient. F and Ft are parameters that describe gas–sur-
face interaction and are functions of the composition and
temperature of gas, the gas velocity over the surface, and
the solid surface temperature, chemical state and roughness
[13]. Particularly for air and for most engineering applica-
tions, they assume typical values near unity [13], which rep-
resents the diffuse reflection case [19]. For the rest of the
analysis, F and Ft will be shown by F.

The momentum equation in the z-direction is described
as

1

r
o

or
r
ou
or

� �
¼ 1

l
dP
dz
¼ const ð3Þ
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Setting F = 1 in Eq. (1) will lead to the following boundary
conditions:

r ¼ ri u ¼ us ¼ k
ou
or

� �
r¼ri

r ¼ ro u ¼ us ¼ �k
ou
or

� �
r¼ro

ð4Þ

and using the following dimensionless parameters:

R ¼ r
ro

r� ¼ ri

ro

U ¼ u
um

ð5Þ

Eq. (3) is solved to give the dimensionless velocity distribu-
tions as

U ¼ 2ð1� R2 þ 2r�2m lnðRÞ þ AÞ=B ð6Þ
where A and B are, respectively

A ¼ 4Knð1� r�Þð1� r�2m Þ ð7Þ

B ¼ 1� r�2 � 4r�2m

1

2
þ r�2

1� r�2
lnðr�Þ

� ��

þ8Knð1� r�Þð1� r�2m Þ
�

ð8Þ

Here Kn is Knudsen number (Kn = k/Dh) and r�m designates
the dimensionless radius where the maximum velocity oc-
curs (ou/or = 0). It is given by

r�m ¼
rm

ro

¼ ð1� r�
2Þð1þ 4KnÞ

2 lnð1=r�Þ � 4Kn r�2�1
r�

� �
0
@

1
A

1=2

ð9Þ

The conservation of energy including the effect of the vis-
cous dissipation requires

u
oT
oz
¼ a

r
o

or
r
oT
or

� �
þ m

cp

ou
or

� �2

ð10Þ

where the second term in the right hand side is the viscous
dissipation term.

The constant heat flux at wall is assumed at the wall,
which states that

k
oT
or

����
r¼ro

¼ qw ð11Þ

where qw is positive when its direction is to the fluid (from
the hot wall), otherwise it is negative (to the cold wall).
 (a) Case A

ri

r

z

qw

insulated

Flow

Fig. 1. Boundary conditions and sch
For the uniform wall heat flux case, the first term in the
left-side of Eq. (10) is

oT
oz
¼ dT w

dz
¼ dT s

dz
ð12Þ

Introduction of the following non-dimensional temper-
ature:

h ¼ T � T s
qwro

k

ð13Þ

modifies Eq. (10) into the following dimensionless form:

1

R
d

dR
R

dh
dR

� �
¼ aU � Br

dU
dR

� �2

ð14Þ

where a ¼ umkro

aqw

dT s

dz and Br is the Brinkman number given as

Br ¼ lu2
m

qwro

ð15Þ

Two different forms of the thermal boundary conditions
are applied, which are shown in Fig. 1. In the following,
these two different cases are treated separately:

For the Case A, the thermal boundary conditions in the
dimensionless form are written as

h ¼ 0
oh
oR

����
R¼1

¼ 1 at R ¼ 1

oh
oR

����
R¼r�
¼ 0 at R ¼ r�

ð16Þ

The solution of a and Eq. (14) under the thermal boundary
conditions given above in Eq. (16) are obtained as,
respectively

a¼�2B2þ8Brðr�2�1Þð1�4r�2m þ r�2Þþ32Brr�4m lnðr�Þ
Bðð1þ2A�2r�2m � r�2Þðr�2�1Þþ4Br�2m r�2 lnðr�ÞÞ

ð17Þ

hðRÞ¼ T �T s

qwro=k
¼ a

2B
ð�3�Aþ2r�2m þR2ð1þA�2r�2m þR2=2Þ

� lnRð1þ2A�2r�2m ð1þ lnRÞÞÞþ :Br

B2
ðð1�R2Þ

�ð1þR2�8r�2m Þþ4lnRð1�4r�2m Þ�8r�4m ðlnRÞ2Þþ lnR

ð18Þ
ro

insulated

qw

(b) Case B

ematic diagram of flow domain.



Table 1
Nusselt number values for different values of r* at Kn = 0.0

r* Case A Case B

Present Ref. [20] Present Ref. [20]

0 4.36364 4.36364 1 1
0.2 4.88259 4.88259 8.49892 8.49892
0.4 4.97917 4.97917 6.58330 6.58330
0.6 5.09922 5.09922 5.91171 5.91171
0.8 5.23654 5.23654 5.57849 5.57849
1.0 5.38462 5.38462 5.38462 5.38462
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Fig. 2. Dimensionless velocity distributions at different values of Kn.
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Fig. 3. The variation of r�m at different values of Knudsen number.
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In the Case B, the dimensionless-type thermal boundary
conditions are as in the following:

h ¼ 0
oh
oR

����
R¼r�
¼ �1 at R ¼ r�

oh
oR

����
R¼0

¼ 0 at R ¼ 1

ð19Þ

Similarly, the solution of Eq. (14) under the conditions of
Eq. (19) gives

a ¼ �2B2r� þ 8Brðr�2 � 1Þð1� 4r�2m þ r�2Þ þ 32Brr�4m lnðr�Þ
Bðð1þ 2A� 2r�2m � r�2Þðr�2 � 1Þ þ 4r�2m r�2 lnðr�ÞÞ

ð20Þ

hðRÞ ¼ T � T s

qwro=k
¼ a

2B
ððR2 � r�2Þð1þ A� 2r�2m Þ � ðR2 � r�2Þ

� ðln R� ln r�Þð1þ 2A� 2r�2m Þ þ 2r�2m ðR2 ln R� r�2 ln r�ÞÞ

þ :Br

B2
ððR2 � r�2Þð8r�2m � ðR2 þ r�2ÞÞ

þ 4ðln R� ln r�Þð1� 4r�2m Þ � 8r�4m ððln RÞ2 � ðln r�Þ2ÞÞ
ð21Þ

Eqs. (18) and (21) which are in terms of Ts (Note again Ts is
the temperature of the fluid at the wall) can be transformed
into the equations in terms of Tw, the wall temperature
using the following conversion formula:

T s � T w

qwr0=k
¼ � 4c

cþ 1

Kn
Pr
ð1� r�Þ

Then Eqs. (18) and (21) become, respectively,

h�ðRÞ ¼ T � T s

qwro=k
þ T s � T w

qwr0=k
¼ T � T w

qwr0=k

¼ a
2B
ð�3� Aþ 2r�2m þ R2ð1þ A� 2r�2m

þ R2=2Þ � ln Rð1þ 2A� 2r�2m ð1þ ln RÞÞÞ

þ :Br

B2
ðð1� R2Þð1þ R2 � 8r�2m Þ þ 4 ln Rð1� 4r�2m Þ

� 8r�4m ðln RÞ2Þ þ ln R� 4c
cþ 1

Kn
Pr
ð1� r�Þ ð22Þ

and

h�ðRÞ ¼ a
2B
ððR2 � r�2Þð1þ A� 2r�2m Þ � ðR2 � r�2Þ

� ðln R� ln r�Þð1þ 2A� 2r�2m Þ þ 2r�2m ðR2 ln R

� r�2 ln r�ÞÞ þ :Br

B2
ððR2 � r�2Þð8r�2m � ðR2 þ r�2ÞÞ

þ 4ðln R� ln r�Þð1� 4r�2m Þ � 8r�4m ððln RÞ2 � ðln r�Þ2ÞÞ

� 4c
cþ 1

Kn
Pr
ð1� r�Þ ð23Þ

In fully developed flow, it is usual to utilize the mean fluid
temperature, Tm, rather than the center line temperature
when defining the Nusselt number. This mean or bulk tem-
perature is given by

T m ¼
R

quT dAR
qudA

ð24Þ
The forced convective heat transfer coefficient is given as
follows:

h ¼ qw

T w � T m

ð25Þ
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which is obtained from Nusselt number that is defined as

Nu ¼ qwDh

ðT w � T mÞk
¼ � 2

h�m
ð1� r�Þ ð26Þ
3. Results and discussion

The forced convection flow in the concentric cylindrical
annular microduct is studied. The problem is steady, lami-
nar, and hydrodynamically and thermally fully developed.
Two different cases of the thermal boundary conditions are
considered: uniform heat flux at the outer wall and adia-
batic inner wall (Case A) and uniform heat flux at the inner
wall and adiabatic outer wall (Case B). These two cases
have been studied for different values of the aspect ratio,
r*, the Knudsen number, Kn and the Brinkman number,
Br.
θ*
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Fig. 5. The variation of Nu with r* at different value
In order to validate the results, they are compared with
those of Ref. [20] for the case without the viscous dissipa-
tion (Br = 0) and the microscale effects (Kn = 0). As seen
from Table 1, an excellent agreement is obtained.

Fig. 2 illustrates the nondimensional velocity profiles
obtained from Eq. (6) for different values of the Knudsen
number, Kn at r* = 0.2. The velocity values at R = 0.2 and
R = 1 (which are for the inner and outer walls of the
annulus with an aspect ratio of r* = 0.2, respectively) rep-
resent the nondimensional values of the velocity slip. As
shown, the velocity distribution is not symmetrical, nor
are the slip velocities at the walls. A maximum in the
velocity occurs close to the inner wall, as expected.
Increasing Kn results in an increase in the slip velocities
at the inner and outer wall of the micro annulus, while
the maximum velocity decreases with the increasing Kn.
The variation of the maximum velocity point, r�m, with
θ*
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the aspect ratio, r*, for different values of Kn is seen in
Fig. 3. For the values of r� < 0:5; r�m decreases with an
Kn
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Fig. 6. The variation of Nu with Kn at different values of B
increase in Kn, which means that the maximum dimen-
sionless velocity occurs at a closer point to the inner wall.
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For the values of r* > 0.5, Kn has negligible effect on r�m,
which means the point of the maximum dimensional
velocity stays nearly the same.

Fig. 4a and b shows the nondimensional temperature
profiles from Eqs. (22) and (23) for various Kn at r* = 0.4
for the Cases A and B, respectively. The temperature values
at R = 0.4 and R = 1 (which are for the inner and outer
walls of the annulus with an aspect ratio of r* = 0.4, respec-
tively) represent the nondimensional values of the temper-
ature jump. An increase in Kn results in decreasing
nondimensional temperature profile.

From the engineering point of view, the heat transfer
rates are important, and can be predicted from the Nusselt
number. Fig. 5a and b illustrates the variation of the Nus-
selt number with the aspect ratio of the annulus, r* for dif-
ferent values of the Knudsen number at Cases A and B
Table 2
Nusselt number values for different values of r* with Kn and Br (Case A)

Kn

r* Br 0.00 0.02

0.2 �0.10 6.4516 5.0669
�0.01 5.0043 4.4518

0.00 4.8826 4.3530
0.01 4.7667 4.2925
0.10 3.9274 3.8154

0.5 �0.10 8.2731 5.6285
�0.01 5.2416 4.5321

0.00 5.0365 4.4361
0.01 4.8469 4.3441
0.10 3.6202 3.6606

0.8 �0.10 �491.839 9.5661
�0.01 5.8253 4.8150

0.00 5.2365 4.5663
0.01 4.7559 4.3364
0.10 2.6044 2.9962

Table 3
Nusselt number values for different values of r* with Kn and Br (Case B)

Kn

r* Br 0.00 0.02

0.2 �0.10 14.7379 7.7895
�0.01 8.8746 6.7831

0.00 8.4989 6.6870
0.01 8.1538 6.5937
0.10 5.9712 5.8580

0.5 �0.10 11.8893 6.6322
�0.01 6.4927 5.3149

0.00 6.1810 5.2001
0.01 5.8979 5.0902
0.10 4.1760 4.2767

0.8 �0.10 �72.7854 10.1193
�0.01 6.2516 5.0586

0.00 5.5785 4.7881
0.01 5.0363 4.5527
0.10 2.6863 3.1396
without viscous dissipation (Br = 0), respectively. For the
both cases, the influence of the increasing Kn is to decrease
the heat transfer rates. As expected, for the Case A, an
increase in r* increases Nu, while it decreases Nu for the
Case B. However, this Nu-dependence on r* becomes neg-
ligible with increasing Kn.

The variation of the Nusselt number with the Knudsen
number for different values of the Brinkman number and
the aspect ratio of the annulus, r* at Cases A and B, respec-
tively, is shown in Fig. 6. An increase at Kn decreases the
Nu due to the temperature jump at the wall. Nu decreases
with increasing Br for the hot wall (i.e. the wall heating
case). For this case, the wall temperature is greater than
that of the bulk fluid. Viscous dissipation increases the bulk
fluid temperature especially near the wall since the highest
shear rate occurs in this region. Hence, it decreases the
0.04 0.06 0.08 0.10

4.2784 3.7348 3.3255 3.0016
3.9302 3.5296 3.1962 2.9159
3.8950 3.5082 3.1824 2.9067
3.8604 3.4870 3.1688 2.8975
3.5746 3.3075 3.0512 2.8176

4.5136 3.8444 3.3766 3.0224
3.9859 3.5518 3.1994 2.9081
3.9348 3.5221 3.1808 2.8960
3.8850 3.4928 3.1625 2.8839
3.4876 3.2496 3.0065 2.7797

5.7775 4.4318 3.6984 3.2163
4.1441 3.6480 3.2610 2.9491
4.0197 3.5800 3.2196 2.9226
3.8991 3.5100 3.1775 2.8957
3.0799 2.9996 2.8493 2.6773

0.04 0.06 0.08 0.10

5.7899 4.7393 4.0540 3.5576
5.5218 4.6637 4.0386 3.5620
5.4935 4.6554 4.0369 3.5625
5.4656 4.6472 4.0352 3.5630
5.2260 4.5744 4.0199 3.5675

5.0209 4.1642 3.6017 3.1913
4.5178 3.9328 3.4829 3.1255
4.4680 3.9087 3.4702 3.1183
4.4194 3.8848 3.4575 3.1112
4.0248 3.6827 3.3479 3.0486

5.8938 4.4815 3.7280 3.2376
4.3034 3.7599 3.3435 3.0120
4.1783 3.6945 3.3054 2.9889
4.0599 3.6301 3.2686 2.9660
3.2360 3.1417 2.9692 2.7755
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temperature difference between the wall and the bulk fluid,
which is the main driving mechanism for the heat transfer
from wall to fluid. However, for the cold wall (i.e. the
wall cooling case), the viscous dissipation increases the
temperature differences between the wall and the bulk fluid
by increasing the fluid temperature more. Therefore,
increasing Br in the negative direction increases Nu. As
seen from the figure, the behavior of Nu versus Kn for
lower values of the Brinkman number, either in the case
of wall heating (Br = 0.01) or in the case of the wall cooling
(Br = �0.01) is very similar to that of Br = 0. In addition,
as observed from the figure, Br is more effective on Nu for
lower values of Kn than for higher values of Kn.

Tables 2 and 3 summarize some typical results of this
study.
4. Conclusions

In this study, we have obtained analytical solutions for
hydrodynamically and thermally fully developed, laminar,
steady, convective heat transfer problem in concentric
annular micro ducts. The analysis includes the influence
of the viscous dissipation and the aspect ratio of the annu-
lus, r* in addition to the slip velocity and temperature jump
prescriptions at the wall. The interactive effects of the
Brinkman number and Knudsen number on the Nusselt
number have been studied. Two different orientations of
the wall thermal boundary conditions have been consid-
ered, namely: uniform heat flux at the outer wall and adia-
batic inner wall (Case A) and uniform heat flux at the inner
wall and adiabatic outer wall (Case B). The expressions for
the Nusselt number in terms of the aspect ratio of the
annulus, r*, the Knudsen, Kn and the Brinkman number,
Br have been obtained.
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